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Parametric Distributions

Basic building blocks: p(x|0)
Need to determine 0 given {X1,...,XN}
Representation: @* or p(0) 2

Recall Curve Fitting

pltfe.x.t) = [ pltlz,wp(wlx.t) dw
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Binary Variables

1 Coin flipping: heads=1, tails=0

p(x = 1lp) = p

1 Bernoulli Distribution

Bern(z|p) = p*(1—p)'™®
Elz] = pu
varjz] = p(l—p)
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Guidelines for Paper Presentations

Everyone should read the paper prior to the
presentation and be prepared to discuss it.
What is the objective?
What tools from the course are being used?

What did you not understand?
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Guidelines for Paper Presentations

For the presenter:

Your presentation should be around 10 minutes long —
no more than 15! (About 10 slides)

What is the objective?

What tools from the course are being used and how?
What are the key ideas?

What are the unsolved problems?

Be prepared to answer questions from other students.
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Binary Variables

=1 N coin flips:
p(m heads|N, u)

71 Binomial Distribution
. N m —m
Bin(m|N, ) = (m)u (1 — )"

Eim| = Z mBin(m|N,u) = Nu

m=0
N
var[m] = Z (m — E[m])” Bin(m|N, ) = Nu(1 — p)
m=0
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Binomial Distribution

0.3

0.2}
Bin(m/|10, 0.25)

0.1
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Parameter Estimation

1 ML for Bernoulli

O Given:
O D ={x1,...,xn}, m heads (1), N —m tails (0)

N
p(D|p) = H pan|p) =[] w @ — p)'=*n
n=1

Inp(D|p) = Zlnp(mnm Z {z,Inp+ (1 —x,)In(l —pu)}

n=1
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Parameter Estimation

3
0 Example: D ={1,1,1} — pr = 5 =1

O Prediction: all future tosses will land heads up

o Overfitting to D
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Beta Distribution

1 Distribution over € [0,1].
F(a+b) a—1

Beta(ula.b) = rp - )’
Elul = afll—b
varfu] = e

(a+b)*(a+b+1)

where I'(x) = Jux_le_” du
0

Note that
I'x+1)=xI(x)
ra=1

I'(x+1)=x! when x 1s an integer.
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Bayesian Bernoulli

p(plao, bo, D) o< p(D|p)p(p|ao, bo)
N
= (H p (1 — u)lwn) Beta(p|ao, bo)
n=1

'um—i—ao—l (1 o M)(N—m)—l—bo—l

=

o« Beta(ulan,bn)

any = ag+m by = by + (N —m)

The Beta distribution provides the conjugate prior for the
Bernoulli distribution.
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Beta Distribution

3
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Prior - Likelihood = Posterior

2r—= - 2 = — 2 :
prior likelihood function posterior
1 1f 1
0 0 ' 0
0 0.5 1 0 0.5 1 0 0.5
Iz Iz Iz
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Properties of the Posterior

16|
As the size N of the data set increases
an — m
bN — N —m
anN m
IE pr— —_— — =
1] an + bn N P
] anbyn 0
2 (an + bn)%(an + by + 1)
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Multinomial Variables

1-of-K coding scheme: x = (0,0,1,0,0, O)T
p(x|p) = H ik

Vk:ur =0 and Zukzl

Elx|p] =) p(xlp)x = (u1,. .., px)" = p

D pElp) =) =1
X k=1
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ML Parameter estimation

0 Given:
D= {x1,...,Xn}
N K K (s ) K
p('D|p,) _ H Mink _ H el nk) _ H uzuc
n=1k=1 k=1 k=1

o Toensure > . ur =1 ,use alLagrange multiplier,

K K
kalnuk+)\ (Zuk—1>
k=1 k=1

mg

pe = —mp/X oy = ~

See Appendix E for a review of Lagrange multipliers.

UYNQERK; ' CSE 6390/PSYC 6225 Computational Modeling of Visual Perception J. Elder

UNIVER S1TY



The Multinomial Distribution

19|
Mult ... N) = k
u (m19m27 amKluv ) (m1m2 ) HIJJ
varfmg] = Npp(l — pg)
covimmg] = —Npjug forj#k

N N!
where =
m,m,,...,m, mlm!....m !

I VERS
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The Dirichlet Distribution

Dir(p|o) =

/"2‘

K
o = E (895
k=1

Conjugate prior for the

multinomial distribution.

H3
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Bayesian Multinomial
E

.MMD,)mmDm)umxml]u%ﬂml
k=1

p(u|D,a) = Dir(p|a+ m)

[ +N
(a1 +ma)---T'(ak +mk)

ak‘l'mk 1

|
“EN
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Bayesian Multinomial

Probability Distributions

a = 10!

ag = 10°

ap = 1071

J. Elder
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The Gaussian Distribution

N(z|p,o?) 1 1

N (z|p, 0?) = GXP{—T‘Q@—M)Q}

A (2m02)"/?

CBQ‘

=
8
v

N, %) = s s { 3 - = - )}
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Central Limit Theorem

The distribution of the sum of N i.i.d. random

variables becomes increasingly Gaussian as N grows.

Example: N uniform [0,1] random variables.
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Geometry of the Multivariate Gaussian

A? = (x — p)TE7'(x — )  where A = Mahalanobis distance from i to x

Eigenvector equation: Xu, = Au,

where (u_,A) are the ith eigenvector and eigenvalue of Z.

Note that X real and symmetric — A real.

Proof?

See Appendix C for a review of
matrices and eigenvectors.
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Geometry of the Multivariate Gaussian

A? = (X — )’ (x—p) A = Mahalanobis distance from u to x
1 ul e :
— )\— ;u;  where (u,,4) are the ith eigenvector and eigenvalue of Z.
D y 332. -
Z:: >\_ \/111
yi = u; (x — ) vz
(31
ory=UX-LU)
It
A2
>

X1
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Moments of the Multivariate Gaussian

R N e |Zil/2/exp{—%(X—M)TE‘I(X—M)}XdX

1
)
1 1 1 ey
— 2m) D73 |2|1/2/exp{—§z by z} (z+ p)dz

thanks to anti-symmetry of z

Elx] = p
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Moments of the Multivariate Gaussian

Elxx'] = pp* +3

covlx] =E [(x —E[x])(x —E[x))'] =%

CBQ‘ CBQ‘ 372‘
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Partitioned Gaussian Distributions
BN

p(x) = N(x|p, X)
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Partitioned Conditionals and Marginals
o

p(Xalxp) = N(Xa|“a|b7 Ea|b>

Sap = Ay =Faa — ZaEp, T
Halp = 2lalb {Acattq — Aab(Xp — 1p) }
= Hq— A;; Aab(xp — )
= Hot+ZaZy (X0 — )

p(Xq) = / p(Xa,Xp) dxp
— N(Xa“l’aazaa)
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Partitioned Conditionals and Marginals
Em

Ty (\
zp = 0.7 ﬂﬂ P(@alzy =0.7)
0.5} / 1 51t
p(xa) &
0 ' 0 i

0 0.5 ., 1 0 0.5 z, 1
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Maximum Likelihood for the Gaussian

0 Given i.i.d. data X = (xq,...,xy)" , the log likeli-
hood function is given by

N
ND N 1 _
Inp(X|p, X) = ———In(2m) — - In[X] - 7 d (% — ) "E T (%0 — )
n=1

1 Sufficient statistics

N N
E X, E Xp X,
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Maximum Likelihood for the Gaussian

11 Set the derivative of the Iog likelihood function to zero,

0
% lnp X|/1'7 Z 3 (Xn _ —

-1 and solve to obtain

1
Ky = N;Xn

0 Similarly

N
1
ML = 7 Z — pop) (% — b))

Recall: If x and a are vectors, then i(Xta) = i(atx) —a
ox 0x
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Maximum Likelihood for the Gaussian

Under the true distribution

Elpyr] = n
EXyL] = ——3.

Hence define
- 1

N
2= N _1 Z(Xn — ) (e — )

n=1
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Bayesian Inference for the Gaussian (Univariate Case)

Assume co° is known. Given i.i.d. data
x =4{x1,...,xn} ,the likelihood function for
uis given by

N
1 1
p(xX|p) = Hp Tnli) = GroayNE P {ﬁ > (wn — M)Q} -
n=1

This has a Gaussian shape as a function of u (but it
is not a distribution over u).
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Bayesian Inference for the Gaussian (Univariate Case)

1 Combined with a Gaussian prior over i,
p(p) = N (plpo, o5) -

1 this gives the posterior

p(p]x) oc p(x|p)p(pe).

1 Completing the square over i, we see that

p(plx) =N (plpn, o)
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Bayesian Inference for the Gaussian

7 ... where

o2 n No} 1 i
= Al / — xr T
KN NoZ + o 1o NoZ + o ML HML N 2 n
r 1 N
o% o0p 0%

Shortcut: Get A” in form au” —2bu+c=a(i—b/ a)’ + const and identify

m,=bla
1
va_a
- Note N=0 N -—>
N 240) ML
0% o 0
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Bayesian Inference for the Gaussian

0 Example: p(u|x) = N (plpn,ox) for N=0, 1, 2
and 10.

5
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Bayesian Inference for the Gaussian

1 Sequential Estimation

p(p[x) o p(p)p(x|w)
N-—-1
— [p(u) 11 p(wnu)} p(zN|p)

x N (plpn-1,0%_1) p(zn|p)

71 The posterior obtained after observing N { 1 data
points becomes the prior when we observe the Nt
data point.
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Bayesian Inference for the Gaussian

1 Now assume u is known. The likelihood function for
A=1/0c%is given by

p(x|A) = HN (T |, A ) O()‘N/QGXP{%Z(xn ,LL)2}.

n=1

0 This has a Gamma shape as a function of 1.
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Bayesian Inference for the Gaussian

-1 The Gamma distribution

o Q

I

S =

1
Gam(\|a,b) = mbaxa—l exp(—b))
E[\ = % var[\] = 5‘—2
2 2 2
a=0.1 a=1
b =101 b=1
| 1\ |
0 S 0 : 0
0 | 2 0 A1 2 0
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Bayesian Inference for the Gaussian

1 Now we combine a Gamma prior, Gam(\|ag, bo)
with the likelihood function for A to obtain

N
A
ao—1yN/2 A 2
pP(A[x) oc A% exp{ boA 23:1(:1:71 1) }

-1 which we recognize as Gam(\|ay, by) with

N
aN = CZO—I—E
N
1 N
bN — b() + 5 nEZI(CEn — M)2 - b() + 50'1%11).
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Bayesian Inference for the Gaussian

o If both u and 4 are unknown, the joint likelihood
function is given by

p(x|pz, \) 1;[( ) exp{ —u)Q}

2

N
X [)\1/2 exp (—%)} exp {Auan — % in} :
n=1 n=1

7 We need a prior with the same functional
dependence onu and 1.
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Bayesian Inference for the Gaussian

11 The Gaussian-gamma distribution

p(p, A) = N (plpo, (BX)~")Gam(N[a, b)

X exp {—%(u - M0)2} A texp {—bA}
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Bayesian Inference for the Gaussian

11 The Gaussian-gamma distribution

2
O 1
-2 0 2

L
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Bayesian Inference for the Gaussian

Multivariate conjugate priors
1 unknown, A known: p(u) Gaussian.
A unknown, u known: p(A) Wishart,

1
W(A|W,v) = B|A|W=P=D/2exp <—§TI(W_1A)) :

1 and A unknown: p(it,A) Gaussian-Wishart,

p(“’? A|“’Ov 67 Wa V) — N(“"“’Oa (ﬁA)_l) W(A‘Wv V)
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Student’s t-Distribution

oo

p(x|p, a,b) = N(z|p, 7~

0
= / (z|p, (MA)~
0

NGam(7|a,b) dr

D) Gam(n|v/2,v/2)dn <

_ T(v/2+1/2) ( )1/2 [H— )\(:E—M)T_Vﬂ—l/z

['(v/2)
St(x|u, A, v)

1 where

A=a/b n=r1b/a v = 2a.

1 Infinite mixture of Gaussi

(@ | 8 17 '
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Student’s t-Distribution

0.5

/=% D

-5 6 5
| v =1 Vv — 00

St(x|p, A\, v) | Cauchy N (z|pu, A\71)
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Student’s t-Distribution
Zx

1 Robustness to outliers: Gaussian vs t-distribution.
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Student’s t-Distribution

o The D-variate case:

St(xlu, A, v) / " N(x|, (7A) ) Cam(n|v/2

['(D/2+v/2) |A|'/? A?
Tw/2)  (m0)DP2 [1 L

1%
1 where

A? = (x— p) A(x — p)
01 Properties:

E[x] = u, ifv>1
cov([x| = (,/ig)A_l’ it v>2
mode([x]| = p

,v/2)dn
:| —D/2—v /2
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Periodic variables

Examples: time of day, direction, ...

- We require

=
=
\Y
o
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von Mises Distribution

This requirement is satisfied by

1
p(0|6g,m) = 2o (m) exp {mcos(f — 6y)}
where
1 27
In(m) = —/ exp {mcosf} db
27 0

is the O™ order modified Bessel function of the 1+
kind.

(The von Mises distribution is the intersection of an isotropic bivariate Gaussian with the unit circle)
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von Mises Distribution

——m=2>5, 0y =7n/4 3 /4

—m=1, 6y = 3n/4

/4

—  m=5,00=n/4
— m=1, 6 =37/4

2
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Maximum Likelihood for von Mises

o Given a data set, D = {64,...,0N5} ,the log likelihood
function is given by

N
Inp(D|6y,m) = —NIn(27r) — N1InIy(m) +m Z cos(6, — bp).

n=1

1 Maximizing with respect to Uy we directly obtain

1 [ 2., sinb,
A" = tan 1{2 o [

0 Similarly, maximizing with respec’r to M we get

I (myr)
= E cos(6 HML
Io(myr)

71 which can be solved numerlcally for my.
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Mixtures of Gaussians
s

1 Old Faithful data set

__ 100 - - - - 100
R=
E
C
2
o  &0j 80 |
~
0
S
“  60] 60 |
c
2
S
DD 40 N N M N 40 A i i i
1 2 3 4 5 6 1 2 3 4 5 6
Time to next eruption (min)
Single Gaussian Mixture of two Gaussians
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Mixtures of Gaussians

1 Combine simple models  p(z),
into a complex model:

p) = 3 N (el )

k=1
Component

Mixing coefficient >
K=3 v
K
Vk :m >0 Z e = 1
k=1
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Mixtures of Gaussians

Probability Distributions

05¢
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Mixtures of Gaussians

Determining parameters i, o and 7 using maximum
log likelihood

Inp(X|m, p, X Zln{z TN ( Xnuk,Ek)}
n=1

I

Log of a sum; no closed form maximum.

Solution: use standard, iterative, numeric
optimization methods or the expectation
maximization algorithm (Chapter Q).
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